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Review :

• We construct a cts function on the circle
, say g , such that
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chap 4. Applications of Fourier series
.

We are going to give the application of Fourier series in

geometry , number theory
,
analysis and PDE

.

§ 4.1 Isoperimetric inequality .

-1hm 1
.

Let F be a c
'

simple closed curve in the plane .

Let I denote the length of 1- , let A denote the

Area of the region bounded by F. Then

A £ &÷ '

Moreover É " holds if and only if T is a circle
,



A- = Area(ri

al = length (T )

Then Ae ¥-1 .

Def . A parametrized curve in Pi is a mapping

8 : [ a , b ] → 1122

The image of 8 , { Ht) : tt [abt } , is called a
curve

,
denoted by F.

Def . We say 8=84-1
,

b- c- [a. BI
,
is C1 if

+ l→ Ht ) is it on Taib]
,
8%-7=10 on [ails]

Moreprecisely , writing let)= (xctl, yet) ) ,
8 is it ⇐ both ✗(t) and yet) are c

't
on [a,b]

,

and (Xlt) , y.it) ) -1-6,0) on Taib] .



Fact : The length of a C1 parametrized curve 8
is given by

length (F) = fab Ketil dt
where I sits /=NÉ+yÑ

for Vct) = (Xlt) , yet ) )
,

b- c- [a ,b ]
.

Def . A parametrized curve V : [0,11 → pi is

said to be parametrized by are length if

18%-11=1 for 0£ tel
.

•If801 He)

The length of the curve between No) and tis )
= Sos 18kt ) Idt = Sos Idt = s



It is not difficult to check that

any d- simple curve can be re parametrized by
arclength .

Lem 2 .
Let f , g be integrable on the circle .

Then < f, g > = É * I
n=-o

Fon g7nT
g

where

< f , g > = ¥, fo
"

fcx ) get DX .

Pf . This result is a genenizaton of the Parseral identity .

Indeed if f- = of
,

then 1*1 becomes the Parserval identity

To prove *1 , let us use the following identity

<f. 9 > = 4- ( Hf-1911! Ilf -gli # i /11 f-iigli-llf-ig.li))
which can be checked directly .

Then by the Parseval identity

(f, g > = § ( ¥-1 / Fon) -197nF - t.fm -font
+ if I f^cnH igcnif-ffcnl-igo.it))
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=
É
A-is

Fort g^aT
.

Proof of the isopen
' metric inequality :

By taking a possible transformation

(x , y ) → ( sx, s y)
if necessary

,
we may assume that

l(F) = 2-11-11

1-

•

801

Parametrize T by its arc length ,

8=8(t ) : o e t £21T

such that

18kt ) / = NÉytT =L for b-c- [0,21-1]



To estimate A = Area(d)
,

let us use Green -1hm :

Green -1hm : For C
'

functions pcx , y ) and Quay !

§
,

pcxiyldx + Qcxiyldy = I¥- - 2¥ dxdy

In this theorem
, taking Pony)=o and ②a.g) = ✗ gives

§
,

✗ dy = If I dxdy = AreaCrl = A
.

r

That is
,

21T

A = §
,

☒ dy
= So xctiyktidt

Next we need to show that

21T

A- = So xctiyktsd.tt ¥, = = Tt
.

Under the condition ✗
'

a-it Ykti =P .




